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Abstract 
A linear space is called H-biregular if, for any two disjoint lines L and M, the number of transversals 
through a point not on L or M belongs to Hand does not depend on the point. In this paper we shall 
classify all finite (n-2, n}-biregular spaces. 
1. Introduction 
A linear space is an incidence structure S=(P, 3’) where .!?J’ is a set of points and 
9’ is a family of subsets of 9, which are called lines, such that any two distinct points 
belong to exactly one line and every line contains at least two points. 
In what follows, only finite linear spaces are considered, i.e. P? is a finite set. 
The degree [x] of a point XE~ is the number of lines through it and the length [L] 
of a line LEY is the number of points on it. 
Any two disjoint lines will be referred to as parallel. 
Let L and M be two parallel lines and x$Lu M. Denote by n, (L, M) the number of 
lines on x intersecting both L and M. Beutelspacher and Delandtsheer [l] completely 
classified the linear spaces in which Zi’,(L, M) is a constant, i.e. does not depend on 
either the pair (L, M) of parallel lines or the point x. In [2], Beutelspacher and 
Nicholson consider the linear spaces satisfying the following property: 
(*) there exist two distinct integers s and t such that, for any pair (L, M) of 
parallel lines and any point x$Lu M, Z7,(L, M) =s or t and both possibilities 
occur. 
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In [2] many examples are provided of linear spaces atisfying property (*). It is clear 
that it is very difficult to classify all of them. Therefore, some additional assumptions 
are needed to classify some families of examples. 
The two main theorems in [2] use the existence of a line and a point, respectively, 
which satisfy some special conditions. Moreover, there are some bounds for the 
parameters and t. 
A closer look at the examples in [2] of linear spaces atisfying (*) shows that just in 
two of such examples R,(L, M) depends on the pair of parallel lines (L, M) but not on 
the point x. More precisely, the examples are the following: 
(i) A projective plane of order n 2 3 with m collinear points deleted, 2 d m < n - 1. 
Here the parameters are s = n + 1 - m and t = n. 
(ii) A projective plane of order n 2 4 with two lines deleted together with the points 
on them. Here the parameters are s = n - 2 and t = n. 
Denote by H a finite set of non-negative integers. We define an H-biregular space as 
a finite linear space such that for any pair (L, M) of parallel lines there exists ~EH such 
that n,(L,M)=h for any x$LuM. 
An H-biregular space will be called proper if for any ~EH there exist a pair (L, M) of 
parallel lines and a point x 4 L u M such that J7, (L, M) = h. 
Clearly, the structures in (i) and (ii) provide examples of proper {n + 1 - m, n}- and 
(n-2, n)-biregular spaces, respectively. When m= 3 in (i) we get again proper 
{n - 2, n}-biregular spaces. 
Here we investigate the proper (n- 2, n}-biregular spaces, n> 2 an integer, and 
show that the above mentioned examples are the only possible ones. 
2. First properties 
From now on, S=(.!?,, 5’) denotes a proper (n-2, n)-biregular space. 
First we observe that 9 is not the union of two parallel lines L and M. If this were 
the case, then, for any pair (N, T) of parallel lines such that there exists a point 
XEB\(N u T), [N] = [r] = 2 and Li’, (N, T) = 1, a contradiction since (9,9) is proper. 
Consequently, for any pair of parallel lines we may consider a point not on them. 
Assume that (L, M) is a pair of parallel lines; we shall write l7,(L, M)= Jl(L, M) for 
any x#Lu M. 
Finally, observe that [L], [M] > II(L, M) for any pair (L, M) of parallel lines. 
Lemma 2.1. We have n 2 3. 
Proof. Assume that S is a proper {0,2)-biregular space. Then there exist two parallel 
lines L and M such that IZ(L, M)=O. Consequently, the lines that meet both L and 
M have only two points. Consider distinct points a and b on L and c,d on M and let 
X = (a, b, c, d}. If there would exist a point XE(L u M)\x, then there would be a unique 
line on x intersecting the parallel lines (a, c} and {b,d}, a contradiction. Thus, 
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L u M = X. Denote by 5? the set consisting of those lines joining two points of X. By 
the previous argument, any such line has length two. Moreover, II(L, M) = 0 for any 
pair of parallel lines L, n;iEP. 
Let N and T be parallel lines with NED and T$p. We claim that ZZ(N, T)=O. 
Without loss of generality, N = {a, b}. So, T contains at most one of the points c and d. 
Without loss of generality, c$T. Then n,(N, T)=O. Therefore, ZZ(N, T)=O. 
Since S is proper, there exist two parallel lines R and Q such that I7(R, Q) = 2. By the 
argument above, each of R and Q contains at most one point of X. Consequently, 
there exist two distinct points in X, x and y say, such that x, y$R u Q. Moreover, there 
are two lines on x intersecting both R and Q. Then IZ( {x, y}, R)3 1, a contradiction as 
{x,y}&E 0 
Lemma 2.2, Let L,M and N be lines such that M and N are parallel to L. Then 
l7(L, M) = Ll(L, N) if and only if [M] = [N]. 
Proof. Counting the number c of lines that simultaneously intersect L, M and N, we 
get the following. 
If M and N are parallel, then 
c = [M] I7(L, N) = [N] IZ(L, M). 
If M and N meet at a point, then 
c = ([M] - 1) I7(L, N) + [L] = ([N] - 1) L’(L, M) + [L]. 
Since [M], [N]>2 and ZZ(L, M),ZZ(L, N)b 1 by Lemma 2.1, the statement is 
proved. 0 
Lemma 2.3. If a line L meets any other line, then [L] 2 n + 1. 
Proof. Since (P, dip) is proper, there are two parallel lines M and N with I7(M, N) = n. 
Thus, [M] 3n. Consequently, the degree of any point on N is at least n+ 1. Thus, 
[L]=[y]3n+l for any point ~EN\L. 0 
Lemma 2.4. [L] an-2 for any LET, 
Proof. The statement is obvious if there is at least one line parallel to L. Otherwise, it 
follows from Lemma 2.3. 0 
Lemma 2.5. Suppose that a line L has length at most n- 1. Then any two lines parallel 
to L have the same length. 
Proof. Denote by M and N two lines parallel to L. Then I7(L, M)<n; hence, 
Ii’(L, M)=n-2. Similarly, IZ(L, N)=n-2. So, the assertion follows in view of 
Lemma 2.2. 0 
6 P. Biondi 
3. (n - 2, n}-Biregular spaces with a line of length n - 2 
In this section we suppose that (9, 9) contains a line L of length n - 2. 
Lemma 3.1. If A4 is a line parallel to L, then [x] =[M] + 1 for any point XEL. 
Proof. Clearly, II(L, M)= n-2 and [x] 3 [A41 + 1 for any XEL. Assume that 
[xl > [M] + 1 for some XEL. Then there would exist a line L’ on x parallel to M and 
distinct from L. Therefore, n,. (L, M)< n - 2 for x’EL’\L, a contradiction. 0 
Lemma 3.2. Any line parallel to L has at least n points. 
Proof. Assume there is a line M parallel to L with [M] bn - 1. Since (P, 9) is proper, 
there are two parallel lines N and T such that ZZ(N, T)=n. By Lemma 2.5, any line 
parallel to L has length [Wj. Since [N], [T] > n, both N and T intersect L. This is 
impossible as any point in NUT has degree at least n+ 1 and, by Lemma 3.1, every 
point of L has degree at most n. 0 
Proposition 3.3. Suppose that M is a line parallel to L. Then there exists a line which is 
parallel to both L and M. 
Proof. By Lemma 3.2, [M] = n + h, h > 0. Assume that there exists no line parallel to 
both L and M. Then, by Lemma 3.1, L is the only line parallel to M. Thus, any point 
x off L and M has degree [M]. Since [M] 2 n, there exist two lines N and N’ on x that 
are parallel to L. By Lemma 2.5, [N]=[N’]=[M]. Thus, each point x’ on M has 
degree at least [M]. If [x’] > [M], then there would be a line M’ on x’ parallel to N or 
N’. Thus, a point on M’\M would have at least degree [M] + 1, a contradiction. 
Therefore, each point not on L has degree [M] = n + h. 
Denote by c the number of lines parallel to L. Since a line parallel to L and other 
than M must meet M, we have 
c=l+(n+h)(h+l). (3.1) 
Since (9”,9) is proper, there exist two parallel lines R and R’ such that II(R, R’) = n. 
Moreover, R, R’ #L as [R], [R’] b n. By Lemma 2.5, every line parallel to L has length 
[M]. Since any point not on L has degree [M], each line parallel to L admits L as its 
unique parallel line. Consequently, R and R’ intersect L and all lines parallel to L. In 
particular, 
c=([R]-l)(h+2)=([R’]-l)(h+2). 
Thus, [R] = [R’] and, by (3.1), 
([RI-l)(h+2)=1+(n+h)(h+l). 
(3.2) 
(3.3) 
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Denote by 6p the set of lines other than L that simultaneously intersect L, R and R’. 
Since I7(R, R’)=n and [L] =n-2, 
Igl=(n-4)(+1)+2([R]-1). (3.4) 
Since through any point z on M\(R u R’) there are n lines intersecting R and R’, 
h + 2 of which are parallel to L, there are y1- h - 2 lines of 9 on z. Define {Y} = R n M 
and {r’} = R’n M. Through r there pass [R’] lines intersecting R’, h + 2 of which are 
parallel to L. So there are [R] - h - 2 lines of 9 on r and [R’] - h - 2 lines of .J? on r’. 
Since any line of 2 intersects M, we have 
IdlPl=(n+h-2)(n-h-2)+2([R]-h-2). (3.5) 
From (3.4) and (3.5) it follows that 
n=h2+2h+2. (3.6) 
Substituting this value for n in (3.3) gives 
([RI-1)(h+2)=1+(h2+3h+2)(h+1)=1+(h+2)(h+1)(h+1), 
which implies h + 2 11, a contradiction. 0 
Lemma 3.4. Let M and N be two parallel lines. If L is parallel to M and N, then 
[M] = [N] = n. 
Proof. By Lemmas 2.5 and 3.2, CM] = [N] = n + h, h >, 0. In view of Lemma 3.1, on any 
point of L there are n + h lines which meet both M and N. Since ZZ(M, N) < n, it follows 
that h=O. 0 
From Lemma 3.1, Proposition 3.3 and Lemma 3.4 the next result follows 
immediately. 
Proposition 3.5. Suppose that M is a line parallel to L. Then [M] =n and any point on 
M has degree at least n + 1. Moreover, every point of L has degree n + 1. 
Proposition 3.6. Let M be a line distinct from L. If M intersects L, then there is no line 
parallel to M. 
Proof. By Lemma 2.3 there is a line parallel to L. By Proposition 3.5 each line parallel 
to L has length IZ and any point of L has degree n + 1. Consequently, every line distinct 
from L and intersecting L intersects also any line parallel to L. 
Assume that there is a line parallel to M. Consider a line N parallel to L. By the 
previous argument, any line parallel to M intersects L and N. Moreover, [M] dn. 
Finally, by Proposition 3.5, each point on N has degree at least n + 1. Denote by c the 
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number of lines parallel to M; then 
(n-3)(n+l-[M])=c>(n-l)(n+l-[MI), 
a contradiction as [A41 dn. 0 
Theorem 3.1. Let S= (9’,9) be a proper {n - 2, nj-biregular space. If S has a line L of 
length n - 2, then it is a projective plane of order n > 4 with three collinear points deleted. 
Proof. Since [L] = n - 2, n > 4. By Lemma 2.3, there is at least one line parallel to L. 
By Proposition 3.5, any line parallel to L has length n and each point on L has degree 
n + 1. Thus, by Proposition 3.6, every line distinct from L and intersecting L has length 
n+ 1 and every point has degree n+ 1. Therefore, the linear space induced on the 
points outside L has the property that any line has length n and any point has degree 
n + 1. Thus, it is an affine plane of order n. Therefore, S is a projective plane of order 
n with three collinear points deleted. 0 
4. (r~ - 2, n}-Biregular spaces with no line of length n - 2 
In this section we suppose that no line of S has length n-2. Thus, by Lemma 2.4, 
any line of S has at least n- 1 points. 
Proposition 4.1. Suppose that L, M and N are three mutually parallel lines. Then 
IT(L, M) = ZI(L, N) = IZ(M, N). 
Proof. Assume that one of the equalities above does not hold. Without loss of 
generality, we may assume II(L, M) = n - 2 and Z7(L, N) = n. 
Counting the number of lines simultaneously intersecting L, M and N yields 
[M]n=[N] (n-2). (4.1) 
Consider a point x on N. Since [M] 3 n - 1, there is a line Ton x which meets M at 
a point y and is parallel to L. 
If II(L, T) = n - 2, then, by Lemma 2.2, [T] = [M]. In this case, counting the lines 
not on x which simultaneously meet L, T and N, we get 
([Ml-l)n=([T]-l)n=([N]-l)(n-2). 
If II(L, T) = n, then, by Lemma 2.2, [T] = [N]. In this case, counting the lines not 
on y and simultaneously intersecting L, M and T yields 
([Ml-l)n=([T]-l)(n-2)=([N]-l)(n-2). 
In any case we get [M] n = [N] (n - 2) + 2, which contradicts (4.1). 0 
As an obvious consequence of Lemma 2.2 and Proposition 4.1 we get the following 
assertion. 
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Proposition 4.2. If L, M and N are three mutually parallel lines, then [L] = [M] = [N]. 
In what follows, 9’ denotes the subset of 9 consisting of all lines that have at least 
one parallel line and m denotes the maximum of the set {CL]: LEY). Since S is 
proper, there exist two parallel lines M and N such that II(M, N)=n. Thus, 
[M], [N] B n. So, m 3 n. Therefore, we may write m = n + h with h 2 0. 
Lemma 4.3. If L and M are two parallel lines such that [L] = [M] =m and 
II(L, M)=n-2, then II(L, N)=n-2 and [N] =m for any line N parallel to L. 
Proof. Let N be a line parallel to L and distinct from M. If N is parallel to M, the 
statement follows from Propositions 4.1 and 4.2. If N meets M at a point y, then 
counting the lines that simultaneously intersect L, M and N and do not pass through 
y gives 
([N]- 1) (n-2)=([M]- 1) II(L, N). 
Since [N]<m=[M], it follows that Zi’(L,N)<n-2, so II(L,N)=n-2. Thus, 
[N] = [M] by Lemma 2.1. 0 
Proposition 4.4. Let L and M be parallel lines with CL] = m. If there exists a line parallel 
to both L and M, then II(L, M)=n. 
Proof. Assume that II(L, M) = n - 2. By Proposition 4.2, [M] = m. Since S is proper, 
there exist two parallel lines R and R’ such that II(R, R’) = n. By Lemma 4.3, R, R’ #L. 
If one of the lines R and R’, say R, were parallel to L, then [R] = m and II(L, R) = n - 2 
by Lemma 4.3. Thus, again by Lemma 4.3, Ii’(R, R’)=n-2, a contradiction. Hence, 
R and R’ intersect L. 
Let N be a line parallel to L. By Lemma 4.3, [N] = m and Ii’(L, N) = n - 2. If one of 
the lines R and R’, say R, were parallel to N, then, by Lemma 4.3, [R] =m and 
U(N, R) = n - 2. Then, again by Lemma 4.3, II(R, R’) = n - 2, a contradiction. 
Hence, R and R’ intersect L and all lines parallel to L. 
Let (z} = R n M and let c denote the number of lines through the points of M\(z) 
which are parallel to L and distinct from M. Since R meets every line parallel to L, then 
c=([R]-2)(m-n+2). (4.2) 
By assumption, there exists a line M’ which is parallel to both L and M. By 
Propositions 4.1 and 4.2, II(L, M’) = n-2 and [M’] = m. Therefore, any point on 
M has degree at least 2m - n + 3. Thus, 
ca(m- 1) (m-n+2). (4.3) 
From (4.2) and (4.3) [R] > m + 1 follows, a contradiction. 0 
Lemma 4.5. If L and M are parallel lines such that II(L, M) = n - 2 and CL] = m, then 
II(M, L’)=n-2 and [L’] =m for any line L’ parallel to M. 
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Proof. Let L’ be a line parallel to M and distinct from L. By Proposition 4.4, L’ meets 
L at a point y. Count the lines not on y simultaneously intersecting L, L’ and M. This 
gives 
([t’]-l)(n-2)=([L]-l)J7(lM,L’). 
Since [L’]<m=[L] and U(M,L’)>l by Lemma 2.1, then D(M,L’)=n-2 and 
[L’]=[L]=m. 0 
Lemma 4.6. If L and M are parallel lines such that I7(L, M)= n-2 and [L] =m, then 
any point not on M has degree [M] + h + 2. 
Proof. By Proposition 4.4, there is no line parallel to both L and M. Thus, any point 
x off Lu M has degree [M] + h + 2. Let L’ and L” be two distinct lines on x parallel 
to M. Both L’ and L” meet L. By Lemma 4.5, LL(M,L’)=n(M,L”)=n-2 and 
[L’] = [L”] = m. By Proposition 4.4, there is no line parallel to both M and L’ and 
there is no line parallel to both M and L”. Therefore, any point on L has degree 
[M]+h+Z. 0 
Lemma 4.7. If L and M are parallel lines such that IZ(L, M)= n-2 and [L] =m, then 
Z7(L, M’)= n - 2 and [M’] = [M] for any line M’ parallel to L. 
Proof. Consider a line M’ #M that is parallel to L. By Proposition 4.4, M’ meets M at 
a point z. By Lemma 4.6, any point x on L has degree [M] + h + 2. Thus, there is a 
line L’ on x parallel to M and distinct from L. Since, by Lemma 4.5, [L’] = m, from 
Lemma 2.1 it follows that CL’] > 3. Consequently, there is at least one point in L’\ 
(L u M u M’). Therefore, .CP\(Lu M u M’) #$!J. 
Assume that IZ(L, M’) = n. If x’E?J’\(L u M u M’), then [x’] = [M’] + h + c, where 
c denotes the number of lines on x’ that are parallel to both L and M’. By Lemma 4.6, 
[x’] = [M] + h + 2, which implies 
[M’]=[M]+2-c. (4.4) 
Counting the lines not on z simultaneously intersecting M, M’ and L yields 
(CM’]-l)(n-2)=([M]-1)n. 
From (4.4) and (4.5) we get 
(4.5) 
[M]=n-l-c(n-2)/2. (4.6) 
Since [M]>n-1 and n-2>0 by Lemma 2.1, we have c=O and [M]=n-1. 
Moreover, by (4.4), [M’] = n + 1. Therefore, every line through x’ and parallel to 
L intersects M’ and, by Lemma 4.6, each point not on M has degree n+ h+ 1. 
Consequently, on any point of P\(L u M) there is a unique line parallel to L. Since the 
lines parallel to L and other than M and M’ must meet both M and M’, all lines 
parallel to L must pass through z (otherwise through a point on M’\M there would be 
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two lines parallel to L). Consider a line U joining z with a point u on L. If U\{z, u} #0, 
the unique line on a point y~U\{z, U} parallel to L would not pass through z, 
a contradiction. Therefore, U = {z, u}. Take u’~L\{u}. By Lemma 4.6, there is a line U’ 
on u’ parallel to M and distinct from L. Clearly, U and U’ are parallel. By Lemma 2.1, 
[L] = n + h 3 3. So there exists some point u”EL\{u, u’}. Since L is the unique line on U” 
that meets both U and U’, we have II(U, U’)= 1. Therefore, n(V, U’)=n-2 and n=3. 
By Lemma 4.5, [U’] = m and any line parallel to U has length m. This means that any 
line that meets both L and M and does not pass through either u or z has length m. 
Since U is no special line, each line not on z intersecting both L and M has length m. 
By Lemma 4.5, also the lines parallel to M have length m. Thus, any line intersecting 
L and not on z has length m. Consider a point x of L and count /9”( starting from x. 
Then, 
(9/=2+(n+h)(n+h-1). (4.7) 
On the other hand, consider a point y’oM’\{z) and count (91 starting from y’. This 
gives 
19j=n+ 1 +(n+h)(n+h- l), (4.8) 
which contradicts (4.7). Thus, Zl(L, M) = n - 2 and, by Lemma 2.2, [M’] = [M]. 0 
Proposition 4.8. Suppose that L and M are parallel lines. If [L] = m, then I7(L, M) = n. 
Proof. Assume that ZT(L, M)= n-2. Since S is proper, there exist two parallel lines 
R and R’ such that ZI(R, R’) = n. By Lemma 4.7, R, R’# L. If one of the lines R and R’, 
say R, were parallel to L, then Z7(L, R)= n -2 in view of Lemma 4.7. Thus, by 
Lemma 4.5, Z7(R, R’)=n-2, a contradiction. So, both R and R’ meet L. Consider 
a line N parallel to L. By Lemma 4.7,l7(L, N) = n - 2. If one of the lines R and R’, say 
R, were parallel to N, then, by Lemma 4.5, II(N, R)= n-2 and [R] =m. Thus, by 
Lemma 4.7, l7(R, R’)= n-2, a contradiction. Therefore, R and R’ meet all lines 
parallel to L. In a similar way, it is possible to prove that R and R’ meet all lines 
parallel to M. 
Since [M] an- 1 and I7(L, M)=n-2, there exists a line M’ parallel to L and 
distinct from M. By Lemma 4.7, [M’] = [M] and I7(L, M’) = n - 2. By Proposition 4.4, 
M’ meets M at a point z. From Lemma 4.6 it follows that any point other than z has 
degree CM] + h + 2. 
Assume that CM] = n - 1. Then an argument similar to that in Lemma 4.7 shows 
that n =3 and that any line through z which meets L has length two. So, [M] =2. 
Since R and R’ meet M, one of the lines R and R’, say R, must pass through z. 
Therefore, [R] = 2, which is impossible as Il(R, R’) = n implies [R] 3 n = 3. 
Hence, [M] 3 n. Thus, through a point on M’\M there is at least one line parallel to 
L and distinct from M’. Consequently, also z has degree CM] + h + 2. Since R meets 
L, M and all lines parallel to them, the lines parallel to R intersect both L and M. Since 
all points on L u M have the same degree, [M] = m. Thus, each point has degree 
n + 2h + 2. Denote by d the number of lines that are parallel to L and distinct from M. 
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Then 
d=(n+h) (h+ 1). (4.9) 
Consider a line L’# L parallel to M. By Proposition 4.4, L’ meets L and, by 
Lemma 4.5, [L’] = m= n+ h. Therefore, the number d’ of lines parallel to L and 
intersecting L’ is 
d’=(n+h- l)(h+2). (4.10) 
Clearly, d’ < d. So, (4.9) and (4.10) imply n < 2, a contradiction to Lemma 2.1. 0 
Proposition 4.9. Let L and M be parallel lines and [L] = m. Then there is a line that is 
parallel to both L and M. 
Proof. By Proposition 4.8, II(L, M)= n. Thus, [M] >n. Assume that there is no line 
parallel to both L and M. Then each point not on L u M has degree [M] + h. We 
distinguish the following three cases: 
(i) [M]=n; 
(ii) [M]=n+l; 
(iii) [M] >, n + 2. 
Case (i): In this case, any point not on L u M has degree n + h = m. Thus, M is the 
unique line parallel to L. Therefore, each point on M has degree n + h + 1. We 
distinguish three subcases: 
(a) h=O; 
(b) h=l; 
(c) h>2. 
Subcase (a): The line L has length n and each point not on Lu M has degree n. 
Moreover, L is the unique line parallel to M. So, any point on L u M has degree n + 1. 
Since S is proper, there exist two parallel lines R and R’ such that Il(R, R’) = n - 2. 
Then R, R'f L, M; thus, R and R’ meet both L and M. By Proposition 4.8, 
[R], [R’] <n. Hence, [R], [R’] =n- 1. By Lemma 2.1, there exists a point 
ye L\(R u R’). Since [y] = n - 1, there is a line Q on y parallel to both R and R’. Since 
any point on such a line must have degree at least n + 1, we have [Q] = 2. Thus, by 
Proposition 4.2, [R] = [R’] = 2. Consequently, n = 3. Next, consider a point x not on 
L u M. Since x$R, R’, there is a unique line T on x intersecting R and R’. Hence, 
[T] > 3 = n = m. Therefore, [T] = 3 = m. By Proposition 4.8, n(Q, T) = n = 3, which is 
impossible since [Q] = 2. 
Subcase (b): The line L has length n + 1. Each point not on L u M has degree n+ 1 and 
any point on M has degree n + 2. Consider a line L’ #L parallel to M. Let {z} = L n L’. 
We claim that every point on L\(z) h as degree n+ 1. Suppose first that 
L!(M, L’)= n-2. Counting the lines not through z which simultaneously intersect 
L,L’ and M we get n(n-2)=([L’]- 1)n. Thus, [L’] =n- 1. By Proposition 4.2, there 
is no line parallel to both M and L’. Consequently, every point on L\(z) has degree 
n + 1. Next, assume I7(M, L’) = n. Then, by Lemma 2.2, [L’] = n + 1. It is easy to verify 
that again each point on L\(z) has degree n+ 1. 
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By the previous argument, every line parallel to M passes through z. Hence, the 
lines joining z with the points on M have length two. 
Consider a point z’ on L’\(z) and a line T on z’ intersecting M in a point t; 
Tintersects L too. Let q be a point on M\(t). Clearly, the line Tand {z,q} are parallel 
and II(T, {z, qj) = 1. Hence, ZZ(T, (z, q}) = n- 2 and n = 3. By Proposition 4.8, [T] dn. 
Thus, [T] = 3. By Proposition 4.2, there is no line parallel to both T and (z, q}. This 
contradicts the fact that the point on M\{t,q} has degree five. 
Subcase (c): Firstly, we prove that ZI(M, L’) = n for any line L’ #L parallel to M. 
Assume that ZI(M, L’)=n-2. Let (y} = Ln L’ and count the lines not on y that 
simultaneously intersect L, L’ and M. This gives 
(n+h-l)(n-2)=([L’]-l)n. (4.11) 
If there exists a line L” parallel to both M and L’, then, by Proposition 4.2, 
[L’] = CL”] = n and, by Proposition 4.1, IZ(L’, L”) = n - 2. If this is the case, then (4.11) 
implies 
h(n-2)=2n-2. (4.12) 
Counting the lines that meet both L’ and L” and do not pass through the points 
LnL’ and LnL” yields 
from which it follows that 
h(n-3)=3n-5. (4.13) 
Subtracting (4.13) from (4.12) gives h = -n + 3, a contradiction since h B 2 and n > 3. 
Therefore, we may assume that there is no line parallel to both M and L’. Consider 
a point XEL\L’ and a line N on x parallel to L’. If [N] =2, then, by Lemma 2.1, 
n(L’, N)= n - 2. Hence, by Lemma 2.2, [M] = n = 2, contradicting Lemma 2.1. So 
there is a point z# L u M u L’ on N. Consequently, [z] = n + h = [L’] + 2, which implies 
[L’] = n + h - 2. Substituting this in (4.11), we get h = 1, a contradiction. 
Thus, L’(M, L’)=n for any line L’ parallel to M. Therefore, by Lemma 2.2, 
CL’] = n + h. Consider a point xe9\(L u M). Since [x] = n + h and h B 2, there are two 
lines L’ and L” on x parallel to M. From CL’] = CL”] = n + h it follows easily that also 
each point on L\L’ and L\V has degree n + h. So any point not on M has degree n + h. 
Since S is proper, there exist two parallel lines R and R’ such that Ii’(R, R’) = n - 2. 
Thus, R, R’ # L, M. If one of the lines R and R’, say R, were parallel to M, then [R] = m. 
Thus, by Proposition 4.8, II(R, R’) = n, a contradiction. Therefore, R and R’ meet both 
L and M. Since the points R n L and R’n L have degree n + h, every line distinct from 
L and parallel to M must meet both R and R’. Hence, all lines parallel to R or R’ 
intersect both L and M. Denote by c the number of lines parallel to R. Then 
c=([L]-l)(n+h-[R]) 
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and 
c=([M]-l)(n+h+l-[RI). 
Together it follows that 
(n+h-l)(n+h-[R])=(n-l)(n+h+l-[RI), 
so that [R]h=h2+hn-n+l. 
Since the same argument applies to R’, we have [R] = CR’]. 
Denote by d the number of lines that simultaneously intersect L, R and R’ and do 
not pass through Ln R and Ln R’. We have 
d=([L]-2)(n(R,R’)-l)=(n+h-2)(n-3). 
Since M is the unique line parallel to L, then 
(4.14) 
d=([R]-l)([R’]-l)-l=([R]-2)[R]. 
From (4.14) and (4.15) it follows that 
(4.15) 
(n+h-2)(n-3)=([R]-2) [R]. (4.16) 
Next, denote by d’ the number of lines that simultaneously intersect M, R and R’ 
and do not pass through M n R and M n R’. We have 
d’=(n-2) (n-3). (4.17) 
Since any point of R\M has degree n+h and any line parallel to M intersects R’, 
then 
d’=([R]-l)([R’]-l-h)=([R]-l)([R]-1-h). 
From (4.17) and (4.18) it follows that 
(4.18) 
(n-2)(n-3)=([R]-l)([R]-1-h). 
Then, from (4.16) and (4.19) it follows that 
(4.19) 
i.e. 
([R]-2)[R]=(n-2)(n-3)+h(n-3)=([R]-l)([R]-l-h)+h(n-3), 
[R]h=h(n-2)+ 1. 
Hence, h < 1, a contradiction. 
Case (ii): Any point not on L u M has degree n + h + 1. Thus, exactly one line 
parallel to L passes through such a point. Let M’ZM be a line parallel to L and 
(x’) = Mn M’. By Proposition 4.8 and Lemma 2.2, [M’] = n + 1. If through a point of 
M\(x’) a line M” would pass parallel to both L and M’, then there would exist a point 
x”EM”\M with degree greater than n + h + 1, a contradiction as x” $Lu M. Thus, 
each point on M\(x’} has degree n + h + 1. This implies that all lines parallel to L pass 
through x’. Consequently, the lines joining x’ with the points on L have length two. 
Take a line L’ #L and parallel to M and let {y’} = L n L’. Next, consider the line 
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{x’, y), where yv~15\L’. B y L emma 2.1, [LJ 3 3, whence L\(y, y’> #8. Note that L 
is the unique line through ~f'~L\(y,y') intersecting the two parallel lines (x’, y} 
and L’. Thus, U((x’, y), L’)= 1. It follows that n({x’, y}, L’)=n-2 and n = 3. By 
Proposition 4.8, 
[L’]#n+h=3+h. (4.20) 
By Lemma 2.2, U(M, L’) = n - 2. So, by Proposition 4.8, [A41 #n + h, whence 
h>2. (4.21) 
Let p’~L’\{y’j. The unique line on p’ parallel to L passes through x’. By 
Proposition 4.8 and Lemma 2.2, this line has length n-t 1. So, there is a point p” on it 
distinct from p’ and x’. Obviously, p”$L u M. Therefore, [p”] = n + h + 1= h + 4. 
If there is no line on p” parallel to both (x’, y} and L’, then [p”] = 2 + [L’J - 1 = 
[L’] + 1 = h +4, a contradiction by (4.20). So, there is a line on p” parallel to both 
{x’, y) and L’. By Proposition 4.2, [L’] = 2. Counting’the lines that simultaneously 
meet L, L’ and M and do not pass through y’ gives h +2= 3. This implies h= 1 which 
contradicts (4.21). 
Case (iii): Let L’ # L be a line parallel to M. First of all, we prove that 
[L’]=[M] or n+h. (4.22) 
If IYZ(M, L’) = n, then, by Lemma 2.2, [E] = n + h. Next, assume IZ(M, L’) = n - 2 and 
take a point yeL’\L. Let Z be a line on y parallel to L. By Proposition 4.8 and 
Lemma 2.2, [Z] = [MJ >, n + 2. By Lemma 2.1, there exists a point z’~Z\({y> u M). 
Since z’# L u M, [z’] = [M] + h. If there is no line on z’ parallel to both L’ and M, then 
[MJ+h=[z’J=[M]+[L’]-n+2, 
whence 
[L’]=n+h-2. (4.23) 
Next, count the lines not on y that meet all of L, L’ and M. This yields 
([L’J-l)n=(n+h-l)(n-2). (4.24) 
From (4.23) and (4.24) h = 1 follows, a contradiction as II + 2 <[Ml d [L] = n + h. 
Therefore, there exists a line on z’ parallel to both M and L’. By Proposition 4.2, 
[L’] = [M]. So, the statement (4.22) is proved. 
Now, take a point x not on Lu M and two lines T and T’ on x parallel to L. Let 
{t} = Tn M and it’} = T’n M. By Proposition 4.8 and Lemma 2.2, [T] = [Y] = [M]. 
Therefore, also any point on M has degree [M] t h. Denote by c the number of lines 
parallel to L and distinct from M. Thus, 
c=[M] (CM]-n-1). 
Next, call d the number of lines on the points of L’ that are parallel to L’. So, 
d=([L’]-l)([M]-n). 
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Since [M] <n + h and d Q c, from (4.22) n < 0 follows, a contradiction to Lemma 2.1. 
The statement is completely proved. 0 
From Propositions 4.2, 4.8 and 4.9 the next one follows. 
Proposition 4.10. Suppose L&Y’ and [L] = m. Then IZ(L, M) = n and [M] = m for any 
line M parallel to L. Furthermore, each point on L has degree at least n + 2h + 1. 
Proposition 4.11. We have m=n. Moreover, each point on a line LEY such that 
[L] = m has degree n + 1. 
Proof. Since S is proper, there exist two parallel lines N and N’ such that 
II(N, N’) = n - 2. Let M be a line parallel to L. By Proposition 4.10, N and N’ meet 
M and all lines parallel to M. Consequently, there is no line parallel to both M and 
N or M and N’. Define (y} = L n N and (z} = M n N. Consider a point x on L\{y} and 
denote by i, the number of lines on x that meet both M and N in some point other 
than z. It follows that 
[x]=[N]+[M]-(&+l). (4.25) 
By Proposition 4.10, [M] = m = n + h. Thus, 
[x]=[N]+n+h-(&+I), i,<[N]-h-2. (4.26) 
Denote by c the number of lines that simultaneously meet L, M and N and pass 
neither through y nor through z. Since, by Proposition 4.8, IZ(L, M)=n, we have 
([N]-2)(n-l)=c= 1 i,. (4.27) 
XSL 
XfY 
From (4.26) and (4.27) it follows that 
([N]-2)(n-l)<(n+h-l)([N]-h-2) (4.28) 
and so 
h[N]>h’+hn+h. (4.29) 
Since [N] d n + h- 1 by Proposition 4.8, (4.29) implies h =O. So, [M] =m = 
n + h = n. By (4.26) and (4.28), i, = [N] - 2 and [x] = n + 1 for any point XE L\(y). The 
same argument applies to N’. Thus, [y] = n + 1. 0 
Proposition 4.12. There exist lines of length n and n- 1. A line L has a parallel line if 
an d only if [L] = n - 1 or n. Zf L and M are parallel lines, then [L] = [MI. 
Proof. By Proposition 4.11, there is at least one line of length n. By Lemmas 2.3 and 
4.7, a line L admits parallel lines iff [L] = n - 1 or n. Assume [L] = n and M is parallel 
to L. Then, by Propositions 4.10 and 4.11, [M] = n and II(L, M) = n. Since S is proper, 
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there exist two parallel lines N and T such that Z7(N, T)=n-2. By the previous 
argument, [N] = [T] = n - 1 and the statement is proved. q 
As a straightforward consequence of Propositions 4.11 and 4.12 the next holds. 
Proposition 4.13. Suppose that a line L has length n. Then [x] = n + 1 for any point x on L. 
Proposition 4.14. A line of length n- 1 has precisely 2(n- 1) lines parallel to it. 
Proof. Let L be a line of length n- 1. By Proposition 4.12, there is a line M of length n. 
Furthermore, L and all lines parallel to it intersect M. The statement follows from 
Proposition 4.13. 0 
Proposition 4.15. Every point is on at least n lines. 
Proof. By Proposition 4.12, there exists a line L of length n. If x is a point outside L, 
then [x] an. If x is on L, the statement follows from Proposition 4.13. q 
Proposition 4.16. Any line has at most length n + 1. Furthermore, any point is on at most 
one line of length n + 1. 
Proof. By Proposition 4.12, there exists a line of length n. Since, by Proposition 4.13, 
any point on this line has degree n + 1, any line has at most length n + 1. Assume that 
through some point x there are two lines L and M of length n + 1. Then, any point on 
L\(x) has degree at least n + 1. Moreover, by Proposition 4.15, [x] > n. By 
Proposition 4.12 there exists a line N with length n- 1. Again by Proposition 4.12, 
N and all lines parallel to it meet L. Therefore, there are at least 2(n- l)+ 1 lines 
parallel to N, which contradicts Proposition 4.14. 0 
Proposition 4.17. Every point has degree n + 1. 
Proof. Assume there is a point y such that [y] # n + 1. Then, by Proposition 4.13, 
there is no line of length n through y. Thus, by Proposition 4.12, there is a line L of 
length n not on y and there is no line on y parallel to L. Hence, [y] = n. By Proposition 
4.16, the lines on y have length n- 1 or n+ 1 and there is at most one line of length 
n + 1 through y. Consequently, 
191 =nz -2n+ 3 if there is a line of length n+ 1 through y, or (4.30) 
IBI=n’-2n+1 if all lines on y have length n-l. (4.31) 
Consider a point z on L. Since [z] = n + 1 by Proposition 4.13, we have 
).CY/>nZ-n. (4.32) 
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Since (4.31) and (4.32) are inconsistent, we have (4.30). Comparing (4.30) and (4.32), 
we see that n d 3. Thus, n = 3 by Lemma 2.1. One line on y has length four and the 
remaining two have length two. This is impossible as, by Proposition 4.12, L admits 
a parallel line of length three. q 
Proposition 4.18. Any line has length n- 1 or n. 
Proof. By Proposition 4.16, every line has at most length n+ 1. Assume there is a line 
M with [M] = n + 1. By Proposition 4.12, there is a line N of length n- 1. Moreover, 
N and the lines parallel to it all meet M. Therefore, by Proposition 4.17, the number of 
lines parallel to N is 2n, which contradicts Proposition 4.14. q 
Theorem 4.19. Let S be a proper {n-2,n}-biregular space. Zf S contains no line of 
length n-2, then it is a projective plane of order nB4 with two lines together with all 
points on them deleted. 
Proof. First, n>, 3 by Lemma 2.1. From Propositions 4.17 and 4.18 it follows that the 
following property (**) holds in S: 
(* *) for any line L and any point x not on L, the number of lines on x and parallel 
to L is either one or two. 
From the classification of finite linear spaces atisfying (* *), due to Oehler [3], the 
statement follows. q 
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